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Abstract
One of the authors has conjectured that every graph G with 2(G) + 1 or fewer vertices
is (G)-choosable. Motivated by this, we investigate the choice numbers of some complete
k-partite graphs of order slightly larger than 2k, and settle the conjecture for some special cases.
We also present several complete multi-partite graphs whose choice numbers are not equal to
their chromatic numbers. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
The notion of list coloring of graphs was introduced by Vizing [7] and independently
by Erd o˝s et al. [1]. A list assignment of a graph G is a function L de<ned on V (G)
such that L(v) ⊂ N is the list of colors available for the vertex v ∈ V (G). For a list
assignment L of G, an L-coloring of G (or, a coloring of G from the list L) is a proper
coloring c, i.e., c(u) = c(v) whenever uv ∈ E(G), satisfying that c(v) ∈ L(v) for every
v ∈ V (G). A graph admitting an L-coloring is said to be L-colorable.
For a positive integer k and a graph G, if G is L-colorable for any list assignment
L :V (G) → (Nk ), then we say that G is k-choosable. The choice number ch(G) of a
graph G is the least integer k such that G is k-choosable.
It is obvious from the de<nition that ch(G) ¿ (G) holds for any graph G, where
(G) denotes the chromatic number of G. As noted in [1], bipartite graphs can have
arbitrarily large choice number. On the other hand, these invariants sometimes coincide
each other. For example, Galvin [2] proved that ch(G) = (G) holds if G is the line
graph of a bipartite graph, and List Coloring Conjecture states that the equality holds
for any line graph. More generally, Gravier and MaCray [3] conjectured that every
claw-free graph G satis<es ch(G) = (G). Thus it is an interesting problem to <nd a
large class of graphs which satisfy the equality ch(G) = (G).
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In this paper, we consider the choice numbers of edge-maximal -chromatic graphs,
namely complete multi-partite graphs. The complete multi-partite graph with k partite
sets of order n1; : : : ; nk is denoted by K(n1; : : : ; nk).
In [1], the following result is observed.
Theorem A (Erd o˝s et al. [1]). The choice number of the complete k-partite graph
K(2; : : : ; 2) is equal to k.
Note that Kierstead [5] determined the list chromatic number of the complete k-partite
graph K(3; : : : ; 3), which is (4k − 1)=3.
Extending Theorem A, Gravier and MaCray [4] proved the following theorem.
Theorem B (Gravier and MaCray [4]). If k ¿ 3; then the choice number of the com-
plete k-partite graph K(3; 3; 2; : : : ; 2) is equal to k.
This result does not hold for k = 2, because K(3; 3) is not 2-choosable. From this
result, one might expect that to any given graph, if we add suKciently many partite
sets of order two, then the graph would turn out to satisfy the equality of its choice
number and chromatic number. However, this is not the case because of the following
theorem, which we prove in Section 2.
Theorem 1. The choice number of the complete k-partite graph K(4; 2; : : : ; 2) is equal
to k if k is odd; and k + 1 if k is even.
We prove this theorem in Section 2, by determining all list assignments L with
|L(v)|¿ k for each v ∈ V (G) such that the graph is not L-colorable. Moreover, using
this theorem, we shall show in Section 4 that if G=K(5; 2; : : : ; 2) then ch(G)¿(G).
On the other hand, in a recent research, Ohba [6] have proved the following theorem.
Theorem C (Ohba [6]). For any given graph G; there exists an integer n0 such that
for any n¿ n0; the join G + Kn satis7es the equality ch(G + Kn) = (G + Kn).
Ohba conjectures as follows:
Conjecture 1 (Ohba [6]). If |V (G)|6 2(G) + 1; then ch(G) = (G).
The assertion of the conjecture is best possible if it is true, because of the example
in Theorem 1.
In this paper, we verify the conjecture for graphs G which have a coloring with
(G) colors such that all but one color classes consist of at most two vertices. By
Theorem B, the conjecture is true for the graph K(3; 2; : : : ; 2) and its subgraphs having
the same chromatic number. Also by using Theorem 1, we can show that the graph
G = K(4; 2; : : : ; 2; 1) satis<es ch(G) = (G). To see this, let k = (G). If k is odd,
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then the result immediately follows from Theorem 1. If k is even, then we <rst color
the vertex v in the unique partite set of order one. Since the remaining part G − v is
(k − 1)-choosable by Theorem 1, we can color all vertices of G from the given list.
For the case where there are two or more partite sets of order one, we prove a
slightly stronger result.
Theorem 2. Let G be a complete k-partite graph consisting of one partite set of order
m; s partite sets of order one; and k − s− 1 partite sets of order two. If m6 2s+1;
then G is k-choosable.
We shall present a proof of Theorem 2 in Section 3. In Section 4, we give several
examples of complete multi-partite graphs whose choice number is not equal to their
chromatic number.
We close this section by giving some notation and terminology. Let L be a list
assignment of a graph G. For a subset S of V (G), we write L(S) for the union⋃
v∈S L(v). If A is a set of colors, then L−A denotes the list assignment obtained from
L by removing the colors in A from each L(v) with v ∈ V (G). When A consists of a
single color a, we write L− a instead of L− {a}.
We say that L satis7es Hall’s condition in G, if |L(S)|¿ |S| holds for every subset
S ⊂ V (G). Note that if L satis<es Hall’s condition, then by Hall’s marriage theorem,
there exists an L-coloring where all vertices receive distinct colors.
2. Proof of Theorem 1
In this section, we prove Theorem 1. Throughout this section, let G denote the
complete k-partite graph K(4; 2; : : : ; 2) with partite sets V1; V2; : : : ; Vk such that V1 =
{x1; x2; x3; x4} and Vi = {ui; vi} for i ¿ 2.
We <rst show that ch(G)¿k if k is even. Let A and B be disjoint sets of colors
with |A| = |B| = k. Let A1 ∪ A2 ∪ A3 ∪ A4 be a partition of A such that |A1| = |A2|
and |A3| = |A4|, and let B1 ∪ B2 be a partition of B with |B1| = |B2| = k=2. De<ne an
assignment L0 of G as follows:
• L0(ui) = A and L0(vi) = B for every 26 i 6 k, and
• L0(x1)=A1∪A3∪B1, L0(x2)=A1∪A4∪B2, L0(x3)=A2∪A4∪B1 and L0(x4)=A2∪A3∪B2.
If we try to color the vertices of G from the list L0, then we have to use k − 1 colors
of A for u2; : : : ; uk , and k − 1 colors of B for v2; : : : ; vk . Hence, for the vertices in V1,
there remain only one color a ∈ A and one color b ∈ B. We may assume that b ∈ B1.
If a ∈ A1∪A4, then x4 cannot be colored, and if a ∈ A2∪A3, then x2 cannot be colored.
Thus the choice number of G is larger than k if k is even.
In fact, we show that the above type of assignments is the unique one such that G
is not L-colorable.
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Theorem 3. Suppose that L is a list assignment of G = K(4; 2; : : : ; 2) such that
|L(v)| ¿ k for each v ∈ V (G). If G is not L-colorable; then L is essentially equiva-
lent to L0; namely; there exist a bijection  of colors and an automorphism ’ of G
satisfying  ◦ L ◦ ’= L0.
We use the following lemma in the proof of Theorem 3.
Lemma 4. Let H be a complete k-partite graph K(m; 2; : : : ; 2) with partite sets
V1 (|V1| = m), V2 = {u2; v2}; : : : ; Vk = {uk ; vk}. Suppose that L is a list assignment
of H satisfying that
|L(x)|¿ k for all x ∈ V1;
|L(ui)|¿ k and |L(vi)|¿ k − 1 for 26 i 6 k and
L(x) ∩ L(y) = ∅ if x; y ∈ Vi; x = y; 16 i 6 k:
Then H is L-colorable.
Proof. We shall prove that L satis<es Hall’s condition in H . Assume to the contrary
that there exists a subset S ⊂ V (H) such that |L(S)|¡ |S|. Let t = |S ∩ V1|. Since
{L(x)}x∈V1 are pairwise disjoint, we have |L(S)|¿ tk. Then,
tk 6 |L(S)|¡ |S|6 t + 2k − 2;
which implies that (t−2)(k−1)¡ 0. Thus we have t 6 1. Then, it follows that |S|6
2k − 1, and hence |L(S)|6 2k − 2. This implies that S cannot contain both ui and vi
for any i with 26 i 6 k. Hence, we have |S|6 k.
On the other hand, since |L(x)|¿ k − 1 for any x ∈ V (H), we have |L(S)|¿ k − 1
and hence |S| ¿ k. Then, S must contain a vertex of V1. Hence |L(S)| ¿ k and
|S|¿k. This is a contradiction.
Proof of Theorem 3. We prove the theorem by induction on k. Since the case k = 1
is trivial, assume that k ¿ 2. Assuming that G is not L-colorable, we shall prove that
k is even and L is essentially equivalent to L0.
Claim 1.
⋂
x∈V1 L(x) = ∅.
Suppose that there exists a color c ∈ ⋂x∈V1 L(x). We shall color all vertices in V1
by c. Let L′ be the assignment of G′=G−V1 obtained from L by deleting the color c.
Since G′ is the complete (k−1)-partite graph K(2; : : : ; 2) and |L′(v)|¿ k−1 for every
v ∈ V (G′), by Theorem A, we can color G′ from the list L′. Thus G is L-colorable, a
contradiction.
Claim 2. L(ui) ∩ L(vi) = ∅ for every 26 i 6 k.
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Suppose that there exists a color c ∈ L(ui)∩L(vi) for some i. We shall color ui and
vi by c. Let G′ =G − Vi and L′ = L− c. Then, G′ is a complete (k − 1)-partite graph
K(4; 2; : : : ; 2) and |L′(v)| ¿ k − 1 for every v ∈ V (G′). By the induction hypothesis,
G′ is L′-colorable unless L′ is of the exceptional type. By Claim 1, however, the color
c is not in the list of some vertex x ∈ V1. This means |L′(x)|¿ k, and hence L′ is not
equivalent to L0. Thus G′ is L′-colorable, and hence G is L-colorable, a contradiction.
Claim 3. No three vertices in V1 have a common color assigned by L.
Suppose that there exists a color c1 ∈ L(x1)∩ L(x2)∩ L(x3). Assign c1 to x1, x2 and
x3, and de<ne G′=G−{x1; x2; x3} and L′=L− c1. By Claim 1, c1 ∈ L(x4), and hence
|L′(x4)| ¿ k. Also by Claim 2, we may assume that c1 ∈ L(ui) for each 2 6 i 6 k.
Thus we have |L′(ui)| ¿ k and |L′(vi)| ¿ k − 1. Now, applying Lemma 4, we can
conclude that G′ is L′-colorable, and hence G is L-colorable.
Claim 4. There exists a pair of vertices xi and xj in V1 such that L(xi) ∩ L(xj) = ∅.
Suppose that L(x1); : : : ; L(x4) are pairwise disjoint. Then, by Lemma 4, we can
conclude that G is L-colorable.
Sublemma. Suppose that there exists a color c1 ∈ L(x1) ∩ L(x2) such that c1 ∈ L(ui)
for each 2 6 i 6 k. Then; L(x3) ∩ L(x4) = ∅ and L(x3) ∩ L(x4) ⊂ L(vi) for every
26 i 6 k.
Proof. Let G′ = G − {x1; x2} and de<ne L′ = L − c1. Note that |L′(x3)| ¿ k and
|L′(x4)|¿ k by Claim 3. Also by the assumption, we have |L′(ui)|¿ k and |L′(vi)|¿
k − 1 for 26 i 6 k.
If L(x3)∩L(x4)=∅, then by Lemma 4, G′ is L′-colorable, and hence G is L-colorable,
a contradiction. Thus, we have proved L(x3) ∩ L(x4) = ∅.
For the second assertion, take a color c2 in L(x3) ∩ L(x4) such that c2 ∈ L(vi)
for some i, say i = k. We shall assign c1 to x1 and x2, and c2 to x3 and x4. Let
G′′ = G′ − {x3; x4} and L′′ = L′ − c2. Note that by the assumption, for each i with
26 i 6 k − 1, we have |L′′(ui)|¿ k − 1 and |L′′(vi)|¿ k − 2, and |L′′(uk)|¿ k − 1
and |L′′(vk)| ¿ k − 1 by the assumption that c2 ∈ L(vk). Then applying Lemma 4 to
the complete (k − 1)-partite graph G′′, we can conclude that G′′ is L′′-colorable. This
implies that G is L-colorable, a contradiction.
Now we shall continue the proof of Theorem 3. By Claim 4, we can suppose that
there exists a color c1 ∈ L(x1) ∩ L(x2). By Claim 2, we may assume that c1 ∈ L(ui)
for each 2 6 i 6 k, as in Sublemma. Then, by Sublemma, there exists a color
in L(x3) ∩ L(x4), which is in L(vi), and hence not in L(ui) for every 2 6 i 6 k.
Thus, applying Sublemma by exchanging the roles of {x1; x2} and {x3; x4}, we have
L(x1)∩L(x2) ⊂ L(vi) for every 26 i 6 k. In particular, c1 ∈ L(vi) for each 26 i 6 k.
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Claim 5. L(v2) = · · ·= L(vk); and the cardinality of these lists is equal to k.
By Sublemma, there exists a color c2 ∈ L(x3) ∩ L(x4) which is in L(vi) for every
26 i 6 k. Let G′′=G−V1 and de<ne L′′=L−{c1; c2}. Since c1; c2 ∈ L(vi) for each
26 i 6 k, we have |L′′(ui)|¿ k and |L′′(vi)|¿ k − 2 for 26 i 6 k.
Since G is not L-colorable, G′′ is not L′′-colorable. In particular, L′′ does not sat-
isfy Hall’s condition in G′′, namely, there exists a nonempty set S ⊂ V (G′′) with
|L′′(S)|¡ |S|. Since |L′′(x)|¿ k−2 for any x ∈ V (G′′), we have |S|¿ |L′′(S)|+1¿
k − 1. We claim that S = {v2; : : : ; vk}. Suppose not. Then S contains some ui, and
hence |L′′(S)| ¿ k and |S| ¿ k + 1. Then S includes some Vi, and hence |L′′(S)| ¿
2k − 2 and |S| ¿ 2k − 1¿ 2k − 2 = |V (G′′)|, a contradiction. Thus S = {v2; : : : ; vk}.
Since k − 2 6 |L′′(S)|¡ |S| = k − 1, we have |L′′(S)| = k − 2, which implies that
L′′(v2) = · · ·= L′′(vk) and |L′′(v2)|= k − 2. Since L(vi) = L′′(vi) ∪ {c1; c2}, we obtain
the claim.
De<ne A=
⋃k
i=2 L(ui) and B= L(v2) = · · ·= L(vk).
Claim 6. L(xj) ⊂ A ∪ B for every 16 j 6 4.
Suppose, for example, that L(x4) contains a color d not in A∪B. Then by Theorem
B, G − x4 has an L-coloring. By assigning d to x4, we can extend the coloring to G,
a contradiction.
Claim 7. L(u2) = · · ·= L(uk); and the cardinality of these lists is equal to k.
As shown in the paragraph just before Claim 5, we have c1 ∈ B. Since c1 is not
in L(x3) ∪ L(x4) by Claim 3, it follows that L(x3)\B = ∅ and L(x4)\B = ∅. Let
d1 ∈ L(x3)\B and d2 ∈ L(x4)\B. We shall assign the color c1 to x1 and x2, d1 to x3,
and d2 to x4. Let G′′ = G − V1 and de<ne L′′ = L− {c1; d1; d2}. Since d1; d2 ∈ L(vi),
we have |L′′(ui)|¿ k − 2 and |L′′(vi)|= k − 1 for each 26 i 6 k.
Since G is not L-colorable, G′′ is not L′′-colorable. In particular, there exists a
set S ⊂ V (G′′) with |L′′(S)|¡ |S|. Since |L′′(S)| ¿ k − 2, we have |S| ¿ k − 1.
If S = {u2; : : : ; uk}, then we have |L′′(S)| = k − 2, which implies the claim. Oth-
erwise, S contains some vi. Then, |L′′(S)| ¿ k − 1 and |S| ¿ k, and hence S
includes some Vi. Then, |L′′(S)| ¿ 2k − 3 and hence 2k − 2 6 |S| 6 |V (G′′)|,
where the equality must hold. This implies that 2k − 3 = |L′′(S)| = |A\{d1; d2}| +
|B\{c1}|, and hence |A \ {d1; d2}| = k − 2. Thus again, the conclusion of the claim
follows.
Thus, it is shown that L(ui) = A and L(vi) = B for each 2 6 i 6 k. By Claims 3
and 6,
4k 6
4∑
j=1
|L(xj)|6 2|A ∪ B|= 4k;
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which implies that |L(xj)|= k for 16 j 6 4, and each color of A∪ B is contained in
exactly two of the lists L(xj), 16 j 6 4. For 16 i¡ j 6 4, de<ne aij (resp. bij) to
be the number of colors in A (resp. B) which are contained in L(xi) ∩ L(xj). By the
above observation, we have∑
16i¡j64
aij =
∑
16i¡j64
bij = k: (1)
Also the next claim restates the result of Sublemma.
Claim 8. Let {i; j; i′; j′}={1; 2; 3; 4}. If aij ¿ 0; then ai′j′ ¿ 0 and bij =bi′j′ =0. Also;
if bij ¿ 0; then bi′j′ ¿ 0 and aij = ai′j′ = 0.
Since we assumed that c1 ∈ L(x1)∩ L(x2), we have b12 ¿ 0, and hence b34 ¿ 0 and
a12 = a34 = 0 by Claim 8. Thus a13 + a24 + a14 + a23 = |A|= k. We may assume that
a13 ¿ 0. Then by Claim 8 again, we have a24 ¿ 0 and b13 = b24 = 0. Also, by Claim
8, either a14 = a23 = 0 or b14 = b23 = 0 holds. We may assume that b14 = b23 = 0. Thus
by (1)
a13 + a24 + a14 + a23 = k and (2)
b12 + b34 = k: (3)
On the other hand, since k = |L(x1)|= b12 + a13 + a14 and k = |L(x2)|= b12 + a23 + a24,
we have a13 + a14 = a23 + a24. This with (2) implies that a13 + a14 = a23 + a24 = k=2,
and hence b12 = k=2. In particular, we have shown that k is even. Now, using (3) and
the fact that k = |L(x3)|= a13 + a23 + b34, we can easily obtain the equalities b34 = k=2,
a13 = a24 and a14 = a23. This shows that L has the exceptional structure described in
the theorem.
3. Proof of Theorem 2
In this section, we prove Theorem 2. Let G be a complete k-partite graph with partite
sets V1; V2; : : : ; Vk−s; {w1}; : : : ; {ws} so that |V1|=m6 2s+1 and |V2|= · · ·= |Vk−s|=2.
Set Vi = {ui; vi} for 26 i 6 k − s.
We <x s and use induction on k. If k=s+1, i.e. there is no partite set of order two,
then by using the fact that ch(H + K1)6 ch(H) + 1 holds for any graph H , we can
easily show that ch(G) = k. So let k ¿ s + 2, and assume that G is not k-choosable.
Let L :V (G) → (Nk ) be a list assignment such that G is not L-colorable.
Claim 1. L(ui) ∩ L(vi) = ∅ for every 26 i 6 k − s.
Suppose that there exists a color c ∈ L(ui)∩ L(vi). Then, assign c to both ui and vi,
and apply induction to G − {ui; vi} and L− c. Thus, we obtain an L-coloring of G, a
contradiction.
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Let X be a largest subset of V1 such that
⋂
x∈X L(x) = ∅. Put $ = |X |, and choose
a color c ∈ ⋂x∈X L(x).
Case 1. There exists a set T ⊂ V (G) with |T |= k − 1 which meets every partite set
except V1 such that |L(T )|= k and c ∈ L(T ).
We may assume that T ={u2; : : : ; uk−s; w1; : : : ; ws}. De<ne L′=L−c and G′=G−X .
By the maximality of X , |L′(x)| = k holds for every vertex x ∈ V (G′) ∩ V1. Also by
Claim 1, |L′(vi)|= k holds for every 26 i 6 k − s. Since G is not L-colorable, G′ is
not L′-colorable. In particular, L′ does not satisfy Hall’s condition. Let S be a maximal
subset of V (G′) satisfying |L′(S)|¡ |S|.
Suppose <rst that |S ∩ Vi| 6 1 for every i with 2 6 i 6 k − s. Then,
S \ V1 can be colored from the list L′ since |S \ V1| 6 k − 1. Since |L′(x)| =
k for each x ∈ S ∩ V1, we can also color the vertices in S ∩ V1 afterwards. Now,
it suKces to show that G′ − S is (L′ − L′(S))-colorable. Assume not. In particular,
there exists a nonempty subset S ′ ⊂ V (G′ − S) with |L′′(S ′)|¡ |S ′|, where L′′ =
L′ − L′(S). But then, |L′(S ∪ S ′)| = |L′(S)| + |L′′(S ′)|¡ |S| + |S ′|, which contradicts
the maximality of S. Thus, we could color all the vertices in G from the list L,
a contradiction.
We may now assume that S contains both ui and vi for some i. Then |S|¿ |L′(S)|¿
|L′(ui)| + |L′(vi)| ¿ 2k − 1. Put |S| = 2k + & with & ¿ 0. Then we have |L′(S)|
6 2k + & − 1. De<ne A = L′(T ) and S1 = S ∩ V1. Note that |A| = k − 1 and |S1| ¿
|S|−(2k−2−s)=s+2+&. Let Y be a maximum subset of S1 such that
⋂
x∈Y L
′(x)\A = ∅.
Set ( = |Y |.
By the maximality of X , each color in L′(S) ∩ A is assigned by L′ to at most $
vertices in S1. Also by the maximality of Y , each color in L′(S) \ A is assigned by L′
to at most ( ≤ $ vertices in S1. Thus
k|S1|=
∑
x∈S1
|L′(x)|6 $|A|+ ((|L′(S)| − |A|)
and hence
k(s+ 2 + &)6 $(k − 1) + ((k + &): (1)
Claim 2. (6 m− s− $− 1.
Assume to the contrary that (¿ m−s−$, namely m−$−(6 s. We shall show that
G′ is L′-colorable. First, we can color the vertices in T using all colors in A. Next, we
can assign a color c′ ∈ ⋂x∈Y L′(x)\A to the vertices in Y . The vertices x ∈ V1\(X ∪Y )
can be colored by an element in L′(x) \ A which is nonempty since |L′(x)| = k and
|A|=k−1. Finally, for each vertex vi with (26 i 6 k−s), since L(vi) is disjoint from
L(ui)=L(T )={c}∪A, there remain at least k−1−|V1\(X ∪Y )|=k−1−(m−$−()¿
k − s − 1 colors available for vi. Thus we can complete the coloring, which is a
contradiction.
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By Claim 2 with (6 $, we have
((k + &) = (
(
k +
&− 1
2
)
+ (
&+ 1
2
6 (m− s− $− 1)
(
k +
&− 1
2
)
+ $
&+ 1
2
= (m− s− 1)
(
k +
&− 1
2
)
− $(k − 1)
and hence
$(k − 1) + ((k + &)6 (m− s− 1)
(
k +
&− 1
2
)
6 s
(
k +
&− 1
2
)
:
Combining this with (1), we have k(s + 2 + &) 6 s(k + (& − 1)=2), or equivalently
k(2 + &)6 s(&− 1)=2. This contradicts the fact k ¿ s+ 2.
Case 2. There exists no set T ⊂ V (G) with |T | = k − 1 which meets every partite
set except V1 such that |L(T )|= k and c ∈ L(T ).
Let Y be a largest subset of V1\X with
⋂
x∈Y L(x) = ∅. Set ( = |Y | and choose a
color c′ ∈ ⋂x∈Y L(x). De<ne L′ = L− {c; c′} and G′ =G − (X ∪ Y ). We may assume
that L′ does not satisfy Hall’s condition in G′. Let S be a maximal subset of V (G′)
with |L′(S)|¡ |S|.
Suppose <rst that |S ∩ Vi| 6 1 holds for each i with 2 6 i 6 k − s. Note that
|L′(v)|¿ k − 2 for every vertex v ∈ S, and |L′(S \ V1)|¿ |S \ V1| by the assumption
of Case 2. Thus by a similar argument as in Case 1, the vertices in S can be colored
from L′, and G′ − S is (L′ − L′(S))-colorable, a contradiction.
Thus, we may assume that S contains both ui and vi for some i. Then, |S|¿ |L′(S)|¿
|L′(ui)|+ |L′(vi)|¿ 2k− 2. Put |S|=2k− 1+ & with &¿ 0. Let S1 = S ∩V1. Note that
|S1| ¿ |S| − (2k − 2 − s) = s + 1 + &. By the maximality of Y , each color in L′(S)
appears in the lists of at most ( vertices in S1. Thus,
k|S1|=
∑
x∈S1
|L′(x)|6 (|L′(S)|6 ((2k − 2 + &): (2)
On the other hand, since ( 6 $ and $ + ( + |S1| 6 m, we have ( 6 (m − |S1|)=2.
Then by (2),
k|S1|6 (m− |S1|)(2k − 2 + &)=2;
(4k − 2 + &)|S1|6 m(2k − 2 + &)6 (2s+ 1)(2k − 2 + &):
Since |S1|¿ s+ 1 + &, we have
(4k − 2 + &)(s+ 1 + &)6 (2s+ 1)(2k − 2 + &);
or equivalently
2(k + s) + &(4k − s− 2 + &)6 0:
This is a contradiction.
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4. Remarks and examples
In this section, we give several examples of complete multi-partite graphs and their
list assignments from which one cannot obtain a proper coloring.
Proposition 5. Let G be a complete k-partite graph K(5; 2; : : : ; 2) with k ¿ 2. Then;
ch(G) = k + 1 = (G) + 1.
Proof. Since G is a subgraph of the complete (k + 1)-partite graph K(3; 2; : : : ; 2), by
Theorem B, it follows that ch(G)6 k + 1. So, it suKces to show that ch(G)¿k.
When k is even, a proper subgraph of G is not k-choosable by Theorem 1. Hence
G is not k-choosable.
When k is odd, we consider the following list assignment L. Let V1 ={x1; x2; : : : ; x5}
be the partite set of order <ve, and let V2; : : : ; Vk be the partite sets of order two, say
Vi={ui; vi} for 26 i 6 k. Let A and B be disjoint color sets of order k−1, A=A1∪A2
and B= B1 ∪ B2 be partitions with |A1|= |A2|= |B1|= |B2|= (k − 1)=2, and let 0 be a
color not in A ∪ B. De<ne
L(ui) = A ∪ {0} and L(vi) = B ∪ {0};
L(x1) = A1 ∪ B1 ∪ {0}; L(x2) = A1 ∪ B2 ∪ {0};
L(x3) = A2 ∪ B1 ∪ {0}; L(x4) = A2 ∪ B2 ∪ {0} and
L(x5) is an arbitrary subset of A ∪ B with |L(x5)|= k:
Suppose that there exists a coloring c from the list L. If the color 0 is not used in
V2 ∪ · · · ∪ Vk , then the colors in A ∪ B are exhausted by the coloring of V2 ∪ · · · ∪ Vk .
Hence we cannot color the vertex x5. If 0 is used for some vertex in V2 ∪ · · · ∪ Vk ,
then for the vertices in V1, there will remain only one color of A and one color of B.
But then, we cannot color one of the vertices x1; x2; x3 and x4.
Example 1. Let m ¿ 3 and t ¿ 1 be integers, and let k = (m − 1)t. Let G be
a complete k-partite graph with t + 1 partite sets of order m and (m − 2)t − 1
partite sets of order 1. Then, G is not k-choosable, by the following list assig-
nment L.
Let V1; : : : ; Vt+1 denote the partite sets of order m, say Vi = {vi1; : : : ; vim} (16 i 6
t+1), and u1; : : : ; u(m−2)t−1 denote the vertices each composing a partite set of G. Let
A1; : : : ; Am be pairwise disjoint color sets such that |A1| = · · ·= |Am| = t. De<ne a list
assignment L in the following way:
L(u1) = · · ·= L(u(m−2)t−1) = A1 ∪ · · · ∪ Am−1 and
L(vij) = (A1 ∪ · · · ∪ Am) \ Aj; for 16 i 6 t + 1 and 16 j 6 m:
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If G has a coloring c from L, then |c(Vi)|¿ 2 for each 16 i 6 t+1. Hence in total,
|c(V (G))|¿ 2(t+1)+(m−2)t−1=mt+1. On the other hand, L(V (G))=A1∪· · ·∪Am
contains mt colors, a contradiction. Thus, G is not L-colorable.
The order of the graph in the example is m(t + 1) + (m − 2)t − 1 = (m − 1)
(2t + 1) = 2k +m− 1. In particular, when m= 3, the graph G is a complete k-partite
graph K(3; : : : ; 3; 1; : : : ; 1) of order 2k + 2. Namely, this is another example showing
that Conjecture 1 will be best possible (see Theorem 1). Note that both complete
k-partite graphs of order 2k + 2 which are not k-choosable are the case where k is
even. We have found no such examples when k is odd.
Moreover, this example also suggests that some imbalance of the sizes of partite
sets may increase the bound of the order of complete k-partite graphs whose choice
number is equal to its chromatic number.
From Theorem C, we can de<ne a function  (G) of a graph G to be the smallest
integer n such that ch(G+Kn)= (G+Kn). From Example 1 we obtain the following
proposition.
Proposition 6. If G is a complete k-partite graph K(m; : : : ; m); then  (G) ¿
(m− 2)(k − 1).
We conjecture that the equality will hold for every m¿ 2 and k ¿ 1. When m=2,
it is aKrmative by Theorem A. Also when k = 1, it is trivially true.
On the other hand, from the argument in [6], it is shown that  (G) = O(|V (G)|2).
From Proposition 6, we can see that there exists a graph G with  (G) = |V (G)| −
o(|V (G)|). On the other hand, if Conjecture 1 is true, then it is not diKcult to deduce
that  (G)6 |V (G)| − 5.
Theorem 2 implies that when G has many color classes of order one, then even if
|V (G)| is somewhat larger than 2(G), it still holds that ch(G) = (G), when there is
exactly one color class of order ¿ 2. However, the order of the largest partite set in
Theorem 2 seems far from best possible. The following example shows that it will be
at most quadratic in s.
Example 2. Let s ¿ 1 be an integer, and let k = s + 2 and m = (s + 2)2. Let G be
a complete k-partite graph consisting of one partite set of order m, one partite set of
order two, and s partite sets of order 1. Then, G is not k-choosable, by the following
list assignment L.
Let V1 = {vij | 1 6 i 6 s + 2; 1 6 j 6 s + 2} denote the partite set of order
m, {w1; w2} be the partite set of order two, and u1; : : : ; us be the other vertices. Let
A={1; 2; : : : ; s+2} and NA={ N1; N2; : : : ; s+ 2} be disjoint color sets. De<ne the assignment
L by
L(u1) = · · ·= L(us) = A;
L(w1) = A; L(w2) = NA and
L(vij) = (A\{i}) ∪ { Nj} for 16 i 6 s+ 2; 16 j 6 s+ 2:
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If G has an L-coloring c, then since w1; u1; : : : ; us must receive distinct colors from A,
c({u1; : : : ; us; w1})=A\{i} for some i ∈ A. Thus, c({u1; : : : ; us; w1; w2})=(A\{i})∪{ Nj}
for some i ∈ A and some Nj ∈ NA. Then it conOicts with the color c(vij), a contradiction.
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